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Abstract This study leverages spectral submanifold
(SSM) theory for model-order reduction to investigate
the dynamical integrity of complex engineering sys-
tems, specifically, a finite element model of a clamped-
clamped von Kármán beam, an experimental water
tank with liquid sloshing, a numerical model of a
forced pitch-and-plunge airfoil subject to flutter insta-
bility, and an axially compressed beam undergoing
dynamic buckling. The main objective of this research
is to establish an efficient approach for evaluating the
dynamical integrity of high-dimensional and experi-
mental systems by exploiting SSM-model reduction
techniques. In each case, SSM-based reduced order
models are constructed directly from time-series data,
leading to reduced systems of minimal dimensional-
ity (2 or 3) that fully capture the most relevant global
dynamical phenomena from a qualitative and quantita-
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tive viewpoint. This reduction enables the computation
of standard dynamical integrity measures with a frac-
tion of the computational cost required by traditional
methods. The approach not only validates SSM the-
ory for global dynamics analysis but also highlights its
potential as a practical tool for integrating dynamical
integrity assessments into engineering design—a step
often overlooked in standard practice.

Keywords Spectral submanifold · Dynamical
integrity · Reduced order model · Data driven

1 Introduction

In engineering practice, stability analysis is a funda-
mental step that often distinguishes between accept-
able and unacceptable designs for dynamical systems.
However, this is not sufficient for nonlinear systems.
Indeed, it is common that although a dynamical steady
state is stable, its dynamical integrity is limited, mean-
ing that sufficiently large perturbations might make the
system leave the basin of attraction (BoA) of the solu-
tion of interest, leading it to other potentially danger-
ous trajectories. This phenomenon is encountered in
many systems of practical interest, such as machine
tool vibrations [1,2], aerodynamic flutter [3,4], shear
flows [5], particle escape [6,7], ship capsizing [8],
shimmy instability [9,10], dynamic vibration absorbers
[11,12], impact oscillators [13], human balance [14],
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valve dynamics [15], robot control [16], power grids
[17], to name a few.

The full knowledge of the BoA enables one to
characterize the dynamical integrity of a steady-state
solution. However, there are two major problems
related to this operation: quantifying the dynami-
cal integrity from the BoA and identifying the BoA
itself. The former issue was solved by the introduc-
tion of several dynamical integrity measures [18,19],
such as the global integrity measure (GIM), the local
integrity measure (LIM), the impulsive integrity mea-
sure, the stochastic integrity measure, the integrity fac-
tor (IF) and the actual global integrity measure [20,21].
Although each dynamical integrity measure is differ-
ent from the others, they all aim at quantifying the
dynamical integrity of a steady-state solution. There-
fore, they enable the study of the trend of the dynam-
ical integrity with respect to parameter variations, an
important aspect for implementing dynamical integrity
analysis in engineering practice.

Severalmethods exist for the identification of a solu-
tion’s BoA, which is typically done numerically. The
most intuitive numerical method consists of perform-
ingmany numerical simulations of the systemwith dif-
ferent initial conditions. This approach enables obtain-
ing two-dimensional sections of a BoA but can hardly
be implemented on larger dimensional systems. Addi-
tionally, it is inherently inefficient, as it uses only one
bit of information from each trajectory. The arguably
most efficient numerical method is the cell-mapping
method, developed by Hsu in 1980 [22–24], which
exploits a discretization in cells of the phase space,
short numerical simulations starting from each cell,
andMarkov chains [25,26] for the definition of steady-
state solutions and their BoAs. Although the method
is computationally very efficient and easily paralleliz-
able, it presents memory issues for large-dimensional
dynamical systems, which limits its implementation
[27]. Other numerical methods to quantify the dynam-
ical integrity exploit probabilistic approaches based on
Monte Carlo sampling [28,29]; although some of them
are computationally efficient, their outcome is not com-
parable with classical integrity measures and they fail
to provide a meaningful insight into the dynamics of
the system.

Analytical methods are typically based on Lyapu-
nov functions [5,30,31]; however, their computation is
often challenging, and there is no general procedure to
do it. Besides, they provide an underestimate of a BoA,

which is often excessively conservative. Attempts to
compute a solution’s BoA experimentally are relatively
rare, mostly because of the difficulties in imposing spe-
cific initial conditions. The few studies on the topic
include the works by Virgin and co-authors [32,33]
about non-smooth oscillators and the ones fromZakyn-
thinaki and co-authors [34] related to human balancing.
Recently, a numericalmethod to estimate theLIMwith-
out requiring computing the BoA was developed [35]
and extended to time-delayed systems [36]. Although
the method is effective because it bypasses the com-
putation of the BoA, it has significant limitations for
large-dimensional systems.

Although eachmethod for dynamical integrity com-
putation presents its own limitations, they all suf-
fer the so-called curse of dimensionality [37], which
means that memory requirements and computational
time grow exponentially with the system dimension
[38]. This phenomenon makes the direct computation
of the dynamical integrity of large dynamical sys-
tems practically impossible. Even formedium-size sys-
tems, dynamical integrity computation is usually exces-
sively time-consuming, hindering its use for engineer-
ing design.

A possible solution for this problem is to reduce
the system dimension through a model reduction tech-
nique, as also discussed in a recent overview on nonlin-
ear dynamics in mechanics [39]. Several strategies for
this purpose exist. Methods based on invariant man-
ifolds exploit the center manifold reduction [40,41],
nonlinear normal modes [42,43], or spectral subman-
ifolds (SSMs) [44]. Other approaches include normal
form methods [45,46], direct perturbation techniques
[47], the rectifiedGalerkinmethod [48] and the recently
developed low order elimination technique [49,50].

Each technique presents its advantages and limita-
tions; however, the SSM theory seems particularly fit
for dynamical integrity analysis of large dynamical sys-
tems because it can be rapidly carried out either from
equations of motion [44,51] or from only trajectory
data [52–54], which is particularly appealing for its
implementation to unmodelled real systems or high-
dimensional models, potentially coming from com-
mercial finite element (FE) codes as also discussed in
[55]. Applications of data-driven SSMs also include
fluid dynamics [56,57], non-smooth mechanical sys-
tems [58] and controls [59], also using videos as inputs
to the algorithms extracting the SSM [60].
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In this study, we exploit SSM theory, and in par-
ticular the SSMLearn toolbox, to study the dynami-
cal integrity and test it on various systems. The objec-
tive of the study is twofold. On the one hand, it illus-
trates that the SSM model reduction is accurate not
only in describing a system’s steady-state solutions but
also regarding its global dynamics. On the other hand,
it illustrates how this model reduction technique pro-
duces models for which the dynamical integrity analy-
sis becomes very easy but still accurate. The proposed
method is applied to four qualitatively different sys-
tems: an FE model of a clamped-clamped von Kármán
beam, an experimental setup ofwater sloshing in a tank,
a reduced model of an airfoil undergoing flutter insta-
bility, and an FE model of an axially compressed beam
undergoing dynamic buckling.

2 Methods

2.1 Data-driven spectral submanifolds

The SSMs are the unique, smoothest invariant sub-
manifolds that act as nonlinear continuations of sta-
ble or unstable spectral subspaces of an equilibrium
under the addition of nonlinearity to the system lin-
earization [44]. In general, SSMs are also defined for
non-autonomous attractors, which enables them to be
used for studying systems with external forcing. More
recently, secondary (or fractional) SSMs, as well as
SSMs with mixed stability, have been studied [61].
SSMs can be extracted from the system equations of
motion [51] aswell as fromdata using a few trajectories
[52]. For purposes of model reduction, slow SSMs are
the most relevant candidate for model reduction [52],
which are normally hyperbolic and hence robust under
perturbations. Here, trajectories synchronize exponen-
tially fast to these manifolds, which are, compared
to other projection-based model reduction methods,
exact sets of solutions of the nonlinear dynamical sys-
tems capturing the dominant dynamics. More broadly,
slow SSMs form a nested structure of attractors, allow-
ing for the construction of a hierarchy of reduced-
order models (ROMs) where trajectories converge at
an exponential rate. In addition, it has been shown that
data-driven autonomous SSMs can be used to predict
forced motions as well as feedback-controlled motions
[52,59]. Therefore, SSMs are configured as promis-
ing candidates for studying the system’s dynamical

integrity, and we exploit their data-driven extraction
in this paper.

To learn SSMs from data, we leverage the algorithm
SSMLearn [52], which has the following key steps.
First, trajectories are generated (either via numerical
simulations or physical experiments) sufficiently close
to the target SSM. In the case of stable SSMs, a success-
ful strategy is to initialize them fromnear-resonant con-
ditions and let the system decay to an equilibrium point
through free vibrations [53]. Second, the measurement
needs to be appropriately embedded. Depending on the
available observables and the size of the target SSM,
the algorithm retrieves a space where the SSM can be
embedded with probability one either via Whitney or
Takens embedding theorems,where, in the latter, delay-
embedding is exploited; see also [62] for additional
details. Then, a Taylor expansion of the d-dimensional
SSM is learned from data. Specifically, a mean-square
error minimization procedure is exploited to identify
the coefficients of polynomial models truncated to a
certain degree both for the geometry and the reduced
dynamics. As a last step, the SSM dynamics is fur-
ther reduced to an extended normal form, analogous to
Poincaré normal forms usually implemented in bifur-
cation theory. This normal form is particularly use-
ful as it enables to directly extract backbone curves,
damping curves, and forced response curves [55] upon
adding periodic or quasi-periodic forcing to the system
autonomous dynamics learned from data.

2.2 Dynamical integrity measures

As discussed in Sect. 1, dynamical integrity measures
are scalar quantities utilized to quantify the dynami-
cal integrity of a steady-state solution. Several dynam-
ical integrity measures exist, as thoroughly explained
in [38], and each of them can quantify the dynamical
integrity from a slightly different perspective, generally
concerning the extent and shape of the BoA.

In this study, we consider the GIM, the IF, and the
LIM. The GIM is defined as the portion of space occu-
pied by the BoA of a solution with respect to the whole
portion of phase space considered. It is probably the
most intuitive way to quantify the dynamical integrity
of a solution, and it is easy to compute once the BoA
is identified. Its main limitation is that it also includes
intermingled and fractal portions of the BoA, which
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usually are not of practical interest, especially if leav-
ing the BoA can have critical consequences.

The IF was developed specifically to overcome this
limitation. It is defined as the radius of the largest hyper-
sphere entirely included in the BoA of a solution. As
such, it automatically rules out all intermingled and
fractal regions and provides a measure of the most
compact region of the BoA. Accordingly, it provides
a quantity typically more significant from an engineer-
ing perspective. Its calculation is not trivial. In fact,
not only is the dimension of the largest hypersphere
unknown, but its position is also unknown. Another
problem of the IF is that the phase space is generally
non-isotropic; therefore, the various directions should
be normalized to define a hypersphere. Possible solu-
tions to this problem are proposed in [35].

The LIM is similar in scope and practical signifi-
cance to the IF. It is defined as the largest hypersphere
entirely included in the BoA of a solution, centered at
the solution. Because of this additional constraint, the
LIM is never larger than the IF and can be computed
much more easily. In fact, it corresponds to the min-
imal distance between the solution and any point of
the phase space not included in the BoA. In the case
of solutions different from equilibrium points, it can
be defined as the minimal distance between any point
of the solution and any point of the phase space not
included in the BoA [63].

As illustrated below, the first three systems consid-
ered in this study have ROMs of sufficiently small
dimension that the BoA can be easily computed.
Accordingly, the identification of the integrity mea-
sures is not particularly complicated and computation-
ally inexpensive. For the last investigated system (Sect.
3.4), the LIM is computed through the DynIn toolbox
[35,36,63], which can rapidly provide the LIM bypass-
ing the computation of the BoA. This example further
illustrates how the SSM model reduction can be effec-
tively coupled with DI assessment algorithms.

3 Examples

The procedure is applied to four different systems:
the FE model of a forced clamped-clamped von Kár-
mán beam, liquid sloshing in a water tank, a numerical
model of a forced pitch-and-plunge airfoil undergoing
flutter instability, and the FE model of an axially com-

pressed von Kármán beam undergoing dynamic buck-
ling.

3.1 Clamped-clamped von Kármán beam

As a first example, we analyze an FE model of a von
Kármán beam [64] with clamped-clamped boundary
conditions, as depicted in Fig. 1a . The ROM deriva-
tion follows the same model and methodology as in
[52,55], while the novelty of this study lies in the
dynamical integrity analysis of the ROM. This beam
model accounts for moderate deformations by incor-
porating a quadratic term in the kinematic formulation.
The structure is discretized into 12 elements, employ-
ing cubic shape functions for the transverse deflection
and linear shape functions for the axial displacement.
The obtained model comprises 33 degrees of freedom
(DOFs) and represents an aluminum beamwith dimen-
sions of length 1 [m], width 5 [cm], and thickness 2
[cm], with a material damping modulus of 106 [Pa-
sec], Young’s modulus of 70 [GPa], density of 2700
[kg/m3], and Poisson ratio of 0.3. The slowest eigen-
value is approximately −3.09 + i657.72.

The ratio between the real parts of the second and
first slowest modes is 7.6. This indicates that the decay
along the second or higher modes is over seven times
faster than along the first mode. Consequently, our
objective is to construct a reduced-order model (ROM)
for this beam utilizing the slowest two-dimensional
SSM, which corresponds to the nonlinear continuation
of the first mode of vibration.

To collect data near the SSM, we employed initial
conditions based on static loading, as discussed in Sect.
2.1. In particular, we applied a force f at the midpoint
of the beam and measured the transverse displacement
qB at this point, as illustrated in Fig. 1a . This forc-
ing method produces a static displacement similar to
the first mode shape. Consequently, an unforced tra-
jectory starting from such a displacement is expected
to rapidly converge to theSSM.For training and testing,
we selected initial amplitudes corresponding to a dis-
placement qB of approximately 2 [mm]. Subsequently,
we trained a seventh-order model using SSMLearn,
from which the reduced dynamics are obtained as fol-
lows:

ρ̇ = α (ρ) ρ = −3.09ρ − 1.5981ρ3 + 2.5781ρ5

+ 0.78938ρ7
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Fig. 1 a FE discretization of the clamped-clamped beammodel.
b SSM in the physical space (magenta) along with the training
trajectory (blue). c Test trajectory from a numerical simulation
of the full model (black) and its prediction (magenta) from the
SSMLearn ROM. d Frequency response curve for forcing val-

ues f = 0.4872 [N] and 1.026 [N], and backbone computed from
the SSMLearn ROM, compared with results from numerical
integration; labels A, B and C refer to the steady-state solutions
represented in Fig. 2a. Color figure online

θ̇ = ω (ρ) = 657.7165 + 469.4588ρ2 − 308.6857ρ4

− 103.9901ρ6. (1)

The ROM has a dimension of 2, which provides signif-
icant computational advantages compared to the orig-
inal system of dimension 66. ρ is related to the ampli-
tude of oscillation, while θ to the phase.

The ROM also captures the SSM geometry, illus-
trated in Fig. 1b with the training trajectory. The figure
is in the coordinates qB , q̇B and qA, where the axial
displacement qA of the midpoint is shown as a func-
tion of its bending displacement qB and velocity q̇B .

This representation highlights how the SSM geome-
try encapsulates the nonlinear coupling between bend-
ing and stretching in the beam. This ROM provides
a normalized mean-trajectory-error of 3.597% for the
test trajectory; test and predicted trajectories are com-
pared in Fig. 1c . Additionally, the ROM generates the
instantaneous frequency backbone curve (blue line in
Fig. 1d ). The x-axis of the backbone curve represents
the oscillation frequency; its intersection with the zero
amplitude marks the linearized natural frequency. We
note that the instantaneous frequency backbone closely
aligns with the frequencies directly extracted from the
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Fig. 2 a Phase portrait in the ψ , ρ space in polar coordinates
for Ω = 674.3 [rad/s] and f = 1.026 [N]; A, B and C mark
the two stable and the unstable equilibria, respectively; black
lines depict BoA boundaries, while blue lines trajectories from

the unstable to the stable equilibria. b Phase portrait in the ψ ,
ρ space in Cartesian coordinates; the red circles indicate the IF
and the black ones the LIM. c Trends of the IF, LIM, and GIM
of equilibria A and B for varying forcing frequency

training trajectory (dotted red curve in Fig. 1d ) using
the Peak Finding and Fitting signal processing method
[65].

Next, we analyze the system’s forced response uti-
lizing the SSM-based ROM in normal form. To intro-
duce periodic forcing, we modify the static force
applied at the midpoint into a time-periodic one. This
step leads to the system of equation

ρ̇ = α(ρ)ρ + f sin (ψ)

ψ̇ = ω(ρ) − Ω + f

ρ
cos (ψ) ,

(2)

wherewe introduced the phase shiftψ = θ−Ωt . More
details on the procedure can be found in [52].

Equation (2) is an autonomous, planar, extendednor-
mal form of the system near resonance. Periodic solu-
tions of the original system, either stable or unstable,
are reduced to fixed points for the system (2). Their
amplitudes ρ0 and phases ψ0 satisfy the equations

Ω = ω(ρ0) ±
√

f 2

ρ2
0

− α2(ρ0),

ψ0 = tan−1
(

α(ρ0)

ω(ρ0) − Ω

)
. (3)

Through Eq. (3), the frequency response curve (FRC)
can be directly obtained, as illustrated in Fig. 1d for

f = 0.4872 and 1.026 [N]. Red dots in Fig. 1d refer to
numerical integrations of the full FE model, exhibiting
an excellent agreement with the FRC provided by the
SSM-based ROM.

The system presents a classical hardening behavior,
leading to a resonant peak bent to the right. Conse-
quently, for a range of excitation frequency values near
resonance, it presents two coexisting stable steady-state
solutions and an unstable one (of saddle type). This
is illustrated in the phase portrait in polar coordinates
depicted in Fig. 2a, where the two stable solutions are
marked with A and B. In the figure, the angular axis
depicts ψ , while the radial axis marks ρ.

Since the system is only 2-dimensional, the BoA of
the two stable solutions can be rapidly identified. In
particular, the stable manifolds of the unstable solution
correspond to the boundary of the two BoA. They can
be obtained through a time-inverted numerical simula-
tion of the system dynamics starting in the vicinity of
the unstable solution. The full knowledge of the BoA
makes the computation of dynamical integrity trivial.
Although the polar representation provides an intu-
itive understanding of the system’s dynamics, to com-
pute the system’s dynamical integrity, it is convenient
to implement a Cartesian representation of the phase
space, provided in Fig. 2b. The IF, the LIM, and the
GIM are computed for both stable solutions. The IF
is marked by the radius of the red circles, while the
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LIM by the radius of the black circles. The GIM is
given by the percentage of the area of each BoA with
respect to the total considered area of the phase space.
For this purpose,ψ is limited between−π andπ , while
ρ between 0 and ρmax = 0.318, where ρmax is chosen
as the largest amplitude for which the ROM is trusted.
During the computation, we did not require that the
whole circle marking either the LIM or the IF be fully
within the relevant portion of the phase space; only the
center of the IF circle is constrained in this sense. The
IF was computed by exploiting a genetic algorithm to
identify the center of the largest circle in the BoA.

The trend of the dynamical integrity measures for
the whole range of bistability is illustrated in Fig. 2c.
All integrity measures are reduced to zero for the lower
amplitude solution B on the left boundary of the fre-
quency range, where the solution disappears, merg-
ing with the unstable solution through a saddle-node
bifurcation. The same occurs for the higher amplitude
solution A on the right frequency boundary. In general
terms, it has to be noted that the two sets of dynamical
integrity curves represent frequency-dependent profiles
of robustness of the two solutions with respect to (pos-
sibly finite) variations of initial conditions. The corre-
sponding BoAs are substantially compact and compete
with each other within the frequency range of coexis-
tence of the two solutions, as also reflected in the over-
all complementary trend of the corresponding curves.
Although these trends are similar for the three mea-
sures, the frequency value for which the two solutions
have the same dynamical integrity is slightly differ-
ent in the three cases. As regards the integrity values
obtained with the three measures, the LIM profile is
always the lower one (though to a different extent for
the two solutions), which is an outcome ensuing from
its definition and already observed in the dynamical
integrity evaluation of a large variety of systems [66].
The GIM profile is not always much higher than the
other two profiles (as it often occurs because of also
accounting for the fractal, i.e. unsafe, parts of the basin),
because the BoAs of the two solutions in the frequency
range of coexistence are essentially compact, as already
mentioned.

In order to highlight the significance of the result, we
also compare the frequency response and the computed
dynamical integrity measures if the system dimension
is reduced via a classical proper orthogonal decom-
position (POD). The most significant difference is
that the POD leads to a system possessing a signifi-

cantly larger bistable region. For f = 1.026 [N], the
SSM reduced system has coexisting stable solutions
for Ω ∈ (672, 702) [rad/s]; while utilizing a POD the
range of bistable behavior exists for Ω ∈ (674, 729)
[rad/s], i.e., it is more than 80% larger (Fig. 3a). Addi-
tionally, the POD-reduced system significantly under-
estimates the oscillation amplitude of the upper branch,
as highlighted by the comparison with direct numerical
integration of the full system (red dots in Fig. 3a).

The trend of the dynamical integrity measures for
the POD-reduced system is illustrated in Fig. 3b. The
overestimated extent of the bistable region necessar-
ily leads to errors in the dynamical integrity. In fact,
for Ω > 702 [rad/s], solution B should be globally
stable, and solution A not exist. Apart from this, we
note that the POD-reduced system significantly over-
estimates theLIMof solutionA,while the IFof solution
B is underestimated. Additionally, we observe that the
LIM is much closer to the IF in the case of the POD
rather than for the SSM reduction. Nevertheless, the
overall trend of the dynamical integrity is similar in the
two cases.

The comparison of the dynamical integrity between
the SSM-based ROM and the POD does not assess the
overall accuracy of the global dynamics of the SSM-
based ROM, which is computationally too expensive
to be compared with the full system. However, it illus-
trates the relevance of the chosen system reduction
technique concerning global dynamics.

3.2 Sloshing water in tank

As a second example, we examine fluid oscillations in
a tank, which display highly softening behavior [67].
To capture the nonlinear effects observed in sloshing
surface waves, Duffing-type models have been adopted
in the literature [68]. Although these models well-ap-
proximate amplitude variations of forced experiments,
identifying nonlinear damping remains a challenging
task [69].

We consider sloshing experiments in a rectangular
tank measuring 500 [mm] in width and 50 [mm] in
depth, filled with water to a height of 400 [mm], as
illustrated in Fig. 4a [52]. The tank was assembled on
a platform driven by a motor with harmonic excitation.
Thewater surface level was tracked through image pro-
cessing techniques at a sampling time of Δt = 0.033
[s]. The horizontal position of the computed center of
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Fig. 3 a Frequency response curves. b Trends of the IF, LIM, and GIM of equilibria A and B for varying forcing frequency for the
POD reduced system

mass of the water, normalized with respect to the tank
width, was used as observable s(t). This scalar quan-
tity is both physically meaningful and robust against
image processing errors [69]. In this study, we utilize
the experimental data obtained in [52].

The system’s unforced nonlinear dynamics is char-
acterized using data from resonance decay experiments
[70]. For free decay experiments, a shaker was imple-
mented instead of a motor. In these experiments, the
tank undergoes periodic horizontal displacement near
resonance until a steady-state oscillation is established.
At that point, the shaker is switched off, and the sub-
sequent decay of the sloshing motion is recorded. Fig-
ure 4b (black line) illustrates an example of a decay-
ing trajectory, with the shaker deactivated just before
time zero. By design, this damped oscillation closely
follows the system’s slowest two-dimensional SSM.
We use two of these decaying trajectories for training
and one for validation to develop a two-dimensional
(d = 2) autonomous SSM-based ROM for s(t). The
delay embedding dimension is set to p = 5, the mini-
mal value required to be generically correct for embed-
ding the SSM according to Takens’s theorem [71].
Given this input and a maximaum reconstruction error
of 2%, SSMLearn provides a nearly flat SSM in the
delayed observable space, represented by the cubic
extended normal form

ρ̇ = α (ρ) ρ = −0.060676ρ − 0.046832ρ3

θ̇ = ω (ρ) = 7.8131 − 1.3347ρ2.
(4)

The SSM is depicted in Fig. 4c (in magenta), along
with a measured trajectory (blue curve). We remark
that eventual differences in the coefficients of the
reduced dynamics with that appearing in [52] are
due to numerics only, as the same experimental data
and procedure were used, but do not affect the accu-
racy and the dynamics behavior of the reduced-order
model. This Stuart–Landau-type normal form, repre-
senting the lowest-order approximation for Andronov-
Hopf bifurcations [72–74], serves as a highly accurate
ROM, achieving a normalized mean trajectory error of
just 1.88% on the test dataset, as shown in Fig. 4b.
The model captures the amplitude-dependent nonlin-
ear damping, α(ρ), which is visualized in Fig. 4d as a
function of the physical amplitude.

A separate series of experiments, using the setup
depicted in Fig. 4a, focused on measuring the steady-
state response of periodically forced sloshing dur-
ing frequency sweeps. These tests were conducted at
three distinct forcing displacement amplitudes, namely
0.09%, 0.17% and 0.32%of the horizontal tankwidth.
Similar to the approach taken in the beam example, we
determine the corresponding forcing amplitude f at
the peak response of each frequency sweep. The forced
ROM reads:
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Fig. 4 a Schematic representation of the sloshing water exper-
iment. b Test trajectory from experiments (black) and its pre-
diction (magenta) from the SSMLearn ROM. c SSM in the
physical space (magenta) along with the training trajectory
(blue). d Damping backbone curve from the SSMLearn ROM.
e Frequency response curve and backbone computed from the

SSMLearn ROM; dots indicate measured frequency response
amplitudes; A, B, and C letters refer to the steady-state solutions
investigated in Fig. 5a . f Phase difference as a function of the
excitation frequency computed from the SSMLearn ROM; dots
indicate measured phase differences

ρ̇ = −0.060676ρ − 0.046832ρ3 + f sin (ψ)

ψ̇ = 7.8131 − 1.3347ρ2 − Ω + f

ρ
cos (ψ) ; (5)

where ψ = θ − Ωt , as in the beam example.
Figure 4e depicts the FRC obtained in closed form

using Eq. (3). The solid lines, corresponding to the
ROM prediction, closely match the dots obtained
experimentally. The phase ψ of the forced response
relative to the forcing has been found difficult to fit to
forced Duffing-type models [69], but the present mod-
eling methodology also predicts this phase accurately
using the second expression in Eq. (3), as illustrated in
Fig. 4f.

Next, we study the dynamical integrity of the sys-
tem’s coexisting stable periodic solutions, exploiting
the ROM. Computing such analysis experimentally
would be extremely complicated, as illustrated by pre-
vious attempts to compute dynamical integrity and
BoA experimentally [32,34,75]. The planar dimension
of the ROM greatly facilitates the computation of the
BoA and of the dynamical integrity. The mathemat-
ical formulation of the ROM has the same shape as
the beam example; therefore, the same procedure is
applied. The BoA boundaries correspond to the sta-
ble manifolds of the unstable periodic solution (fixed
point for the ROM), which can be directly computed
through time-inverted numerical integration starting in
the vicinity of the unstable solution. The boundaries

123



G. Habib et al.

Fig. 5 a Phase portrait in theψ , ρ space in polar coordinates for
Ω = 1.8×2π [rad/s] and excitation amplitude 0.32%; A, B and
C mark the two stable and the unstable equilibria, respectively;
black lines depict BoA boundaries, while blue lines trajectories
from the unstable to the stable equilibria. b Phase portrait in the

ψ , ρ space in Cartesian coordinates; the red circles indicate the
IF and the black ones the LIM. c Trends of the IF, LIM, and
GIM of the equilibria A and B for varying forcing frequency and
excitation amplitude 0.32%

are represented by solid black lines in the polar phase
space in Fig. 5a.

As in the beam example, dynamical integrity mea-
sures are computed on a Cartesian representation of
the phase space, limiting ψ between 0 and 2π , while
ρ between 0 and ρmax = 0.9854, where ρmax is the
largest amplitude for which the ROM is trusted. Fig-
ure 5b depicts the considered dynamical integrity mea-
sures of the two coexisting steady-state solutions for
Ω = 1.8×2π [rad/s] and excitation amplitude 0.32%.
The black circles mark the LIM, the red ones the IF,
while the white and gray areas correspond to the GIM
of the high amplitude and low amplitude solutions,
respectively. The LIM is computed as the minimal dis-
tance between each stable equilibrium point and any
point of the BoA boundary. The IF is the radius of the
largest circle fully included in the basin of attraction
of a solution (allowing the circle to be partially outside
the considered portion of the phase space but not its
center). The GIM is measured as the ratio between the
BoA area of each solution and the total considered area
of the phase space.

Figure 5c depicts the trend of the dynamical integrity
measures over the frequency range havingmultiple sta-
ble steady-state solutions. The higher amplitude solu-
tion (A) merges with the unstable one at the lower
limit of the considered forcing frequency, while the
lower one (B) also merges with the unstable solution

but at the higher frequency range limit. The trend of the
three dynamical integrity measures is consistent with
this observation; they increase with the frequency for
the higher amplitude solution (A) and decrease for the
lower amplitude solution (B). The LIM and IF curves
proceed almost in parallel, while the GIM has larger
variations in the considered frequency range. From an
engineering perspective, especially the LIM and the
IF provide valuable information regarding the robust-
ness of each solution against external perturbations. As
regards BoAs competition and the relative position of
the integrity profiles obtained with the different mea-
sures, similar considerations hold to those made for the
von Kármán beam .

3.3 Airfoil undergoing flutter instability subject to
harmonic excitation

The third investigated system consists of an airfoil
undergoing flutter instability and subject to harmonic
excitation. A classical planar pitch-and-plunge model
is used to characterize the airfoil motion, as illustrated
in Fig. 6 and better described in [76]. Recently, aero-
dynamic flutter has been analyzed experimentally with
SSM identified from processing videos [60].

The geometrical parameters of the airfoil are the
semichord b, the chord c, and the lifting surface S.
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Fig. 6 Mechanical model of the pitch-and-plunge airfoil

GC is the gravity center, EC the elastic center, and AC
the aerodynamic center. e marks the distance between
AC and EC. The inertial terms of the airfoil include
the mass M , the moment of inertia Iα , and the static
moment Sa . The static moment Sa is equal to MxCG,
where xCG corresponds to the distance betweenGC and
EC. The plunge motion is characterized by the linear
stiffness kh and damping ch . The pitch mode is char-
acterized by the stiffness coefficients kα (linear), kα3

(cubic) and kα5 (fifth order), and the linear damping
coefficient cα . Nonlinear terms take into account struc-
tural nonlinearities of geometric or localized nature that
can arise in the aeroelastic system, as illustrated also in
[3,77–79].

The dynamics of the model is governed by the fol-
lowing non-dimensional equations of motion:

ẋ = Ax + b(x) + f0f cos(ωt), (6)

where

x =

⎡
⎢⎢⎣
y
α

ẏ
α̇

⎤
⎥⎥⎦ , b = −

⎡
⎢⎢⎣

0
0

M−1
[

0
ξα3α

3 + ξα5α
5

]
⎤
⎥⎥⎦ ,

A =
[

0 I
−M−1K −M−1C

]
, M =

[
1 xα

xα r2α

]
,

K =
[

Ω2 βu2

0 r2α − νu2

]
, C =

[
ζh + βu 0

−νu ζα

]
,

(7)

α marks the pitch rotation, and y indicates the heave
displacement; displacement is non-dimensionalized in
relation to the semichord of the airfoil b, while the
time to the pitch natural frequency ωα = √

kα/Iα . Ω

is the ratio between the natural frequencies in heave
and pitch, rα and xα are the non-dimensional inertia
coefficients, β and ν are the non-dimensional aerody-

namic parameters, ζh and ζα the pseudo-damping ratio
in heave and pitch, respectively, ξα3 and ξα5 are the
non-dimensional stiffness coefficients. u is the non-di-
mensional flow velocity, which is utilized as a bifur-
cation parameter during the analysis. We address the
interested reader to [3] for more details on the system
parameters and their meaning. The same system was
also studied in [79].

Additionally, we include a small harmonic forcing
term in the system, assumed acting on the first vibra-
tion mode. Here, f0 is the forcing amplitude, ω is the
non-dimensional forcing frequency and f is the forc-
ing vector which is considered to be aligned to the first
mode.

The utilized parameter values are β = 0.2, ν =
0.08, xα = 0.2, rα = 0.5, Ω = 0.5, ζα = 0.01,
ζh = 0.01, ξα3 = −1 and ξα5 = 20. The forcing
frequencywas fixed atω = 0.85

√
2, a value that avoids

resonances for the flow speed u of interest. The forcing
was assumed to be perfectly modal, acting on the first
vibration mode.

For a critical flow velocity (uAH = 0.9331), the
unforced system undergoes a subcritical Andronov-
Hopf bifurcation, generating a branch of unstable peri-
odic solution, as illustrated in Fig. 7a . The branch then
turns back at a fold bifurcation, after which the peri-
odic solutions become stable. Between the fold and
the Andronov-Hopf bifurcations the system is bistable,
presenting coexisting equilibrium and periodic stable
solutions.

If a harmonic excitation is included in the sys-
tem, the equilibrium points become periodic solutions,
and the periodic solutions become quasiperiodic ones,
as shown in Fig. 7b. The Andronov-Hopf bifurcation
becomes a Neimark-Sacker one and moves to slightly
smaller flow velocity values u. Additionally, the fold
bifurcation moves to slightly higher flow velocities u,
reducing the range of bistability.

In Figs. 7a and b, stable solutions are obtained
through direct numerical simulations and unstable
periodic solutions through the shooting method cou-
pledwith a pseudo-arclength continuation. Conversely,
unstable quasiperiodic solutions of the full system are
obtained by identifying a boundary of a BoA through a
bisection method. Trajectories initiated on the bound-
ary dwell in close proximity to the unstable quasiperi-
odic solution before converging to one of the attrac-
tors. Analyzing this transient dynamics enables us to
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Fig. 7 a, b Bifurcation diagram of the unforced a and forced
b system ( f0 = 0.03, ω = 0.85

√
2); blue and black lines:

ROM, red lines: full model. c, dComparison of time series of the

ROM and full model for u = 0.915, f0 = 0.03, ω = 0.85
√
2,

x(0) = [0, 0.1]ᵀ c and x(0) = [0, 0.15]ᵀ d
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estimate the amplitude of the unstable quasiperiodic
solutions with good accuracy.

The considered mathematical model for the system,
as in Eq. (6), is already a ROM. Accordingly, a fur-
ther reduction of the system through SSMLearn is
clearly less meaningful than in the previously consid-
ered examples. However, the fact that the original sys-
tem already has limited dimension allows us to validate
the dynamical integrity analysis and evaluate the accu-
racy of the SSMLearn ROM’s global dynamics, an
operation unfeasible for the other examples. Besides,
the mathematical model is used uniquely to gener-
ate trajectories; therefore, its low dimension does not
diminish the relevance of the method implemented.

For the system under study, the identification of
the SSMLearn ROM is different than in the previous
examples as the aim is to capture different dynamical
regimes.While for the vonKármán beam and the slosh-
ing water system all parameters of the unforced system
were constant, in this case we aim to obtain a ROM
valid for a given range of the flow velocity u, which
makes the reduction parametric. Specifically, the vector
field gets parametric dependance on u and the adopted
system identification procedure, still performed on the
unforced system, is as follows. First, a limit cycle oscil-
lation is obtained through a direct numerical simula-
tion of the full system for a post-critical flow velocity
(u = 0.98) with initial condition close to the unstable
linear subspace of the origin. Then, one point of the
limit cycle is used as the initial condition as it should
reasonably lay close to the slow stable SSMs of the
origin. From here, three simulations are performed for
smaller flow velocities belonging to the stable region of
the trivial solution, namely u = 0.85, 0.875, and 0.9.
Then, the trajectory data describing different dynami-
cal regimes are used to fit a two-dimensional fifth-order
polynomial differential equation, allowing a second-
order variation of each coefficient with respect to the
bifurcation parameter u.

The ROM is mathematically expressed as

[
ẋ1
ẋ2

]
=

5∑
j+k+l=1,
j+k �=0, l≤2
j≥0, k≥0, l≥0

x j
1 x

k
2 p

l
[

ϕ1, j,k,l
ϕ2, j,k,l

]
+f̃ f0 cos (ωt) ,

(8)

where ϕ1, j,k,l and ϕ2, j,k,l represent the coefficients
identified during the ROM construction, p is the bifur-
cation parameter, defined as p = u−uAH, such that the
Andronov-Hopf bifurcation occurs for p = 0, f0 andω

are the forcing amplitude and frequency, respectively,
and f̃ indicates whichmode is excited. In this study, f̃ is
always fixed at [1 0]ᵀ; coefficients ϕ1, j,k,l and ϕ2, j,k,l

are provided in the codes accompanying this paper.
Figure 7 shows a comparison of the dynamics exhib-

ited by the ROM and full models. Figure 7a depicts
the bifurcation diagram of the unforced system, while
Fig. 7b refers to the forced system ( f0 = 0.03). Both
of them show an excellent agreement between the
full and ROM. Figures 7c and d compare two tra-
jectories obtained for the same parameter values but
different initial conditions ( f0 = 0.03, u = 0.915,
x(0) = [0, 0.1]ᵀ in Fig. 7c and x(0) = [0, 0.15]ᵀ in
Fig. 7d). Also in this case, the matching between the
ROM and the full model is excellent.

We now aim to study the dynamical integrity of
the ROM. The attention is focused on the forced sys-
tem. In the bistable region of the system, the unsta-
ble quasiperiodic solution exactly corresponds to the
boundary of the BoAs. In fact, it divides the phase
space into two parts: an outer region that is the BoA
of the stable quasiperiodic solution and an inner region
that is the BoA of the periodic solution, as illustrated in
Fig. 8a. Additionally, the unstable quasiperiodic solu-
tion can be easily found through reverse-time numeri-
cal integration. We note that this simple identification
of the BoA can be done only because the system is
three-dimensional (x1, x2, and the phase of the excita-
tion); accordingly, boundaries of the BoA are marked
by two-dimensional surfaces. In the full system (five-
dimensional), the unstable quasiperiodic solution is
only a two-dimensional object that lies on the four-
dimensional boundaries of the BoA; therefore, it does
not fully identify it.

The analysis of the dynamical integrity is limited
to the LIM, which, despite being the most rapid to
be computed, provides a significant quantification of
a solution’s dynamical integrity, especially for sim-
ple geometries of the BoA as in the present case. The
LIM is measured on a stroboscopic Poincaré section
of the phase space, sampled every excitation period.
Accordingly, periodic solutions are reduced to points
and quasiperiodic ones to closed curves. The LIM of
the periodic solution is measured as the minimal dis-
tance between the periodic solution and the unstable
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Fig. 8 a Solutions of the ROM in Eq. (8) for f0 = 0.03 and
ω = 0.85

√
2; blue: stable quasiperiodic solution, red: unstable

quasiperiodic solution, black: stable periodic solution. b LIM of
the periodic solution of the forced system (ω = 0.85

√
2). c LIM

of the quasiperiodic solution of the forced system (ω = 0.85
√
2).

d comparison between the LIM of the forced system’s periodic
solutions for the full and ROM; solid blue line: ROM, red line:
full model, dashed blue line: quasiperiodic solution for the ROM
( f0 = 0.03, ω = 0.85

√
2)
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quasiperiodic one. Regarding the stable quasiperiodic
solution, the LIM is defined as the radius of the largest
hypersphere centered on any point of the solution and
entirely included in its BoA. In this case, limiting
the analysis to a Poincaré section, the hypersphere is
reduced to a circle, and the LIM can bemeasured as the
minimal distance between any couple of points of the
two quasiperiodic solutions, the stable and the unstable
one.

Results of the computation are depicted in Figs. 8b
and c for variations of the flow velocity u and forc-
ing amplitude f0. The two figures show how the range
of bistability shrinks when the forcing amplitude is
increased. Besides, the LIM overall scenarios of the
stable periodic and quasiperiodic solutions are some-
how exchanged with each other. Namely, the LIM of
the periodic solution decreases while approaching the
Neimark-Sacker bifurcations; conversely, the LIM of
the quasiperiodic solution is zero at the fold bifurcation
and increases for higher flow velocity values. On the
left of the fold bifurcation, the periodic solution is glob-
ally stable, while on the right of the Neimark-Sacker
bifurcation, the quasiperiodic solution is globally sta-
ble.

The LIM of the periodic solutions computed for
the ROM is compared to the one obtained for the full
model, as illustrated in Fig. 8d. For the full model,
the LIM was estimated through the DynIn toolbox
[35,36], which enables to rapidly compute the LIM
of steady-state solutions without requiring to compute
the full BoA. The DynIn toolbox iteratively estimates
the LIM by measuring the minimal distance between
the target steady-state solution and non-converging
trajectories. The analysis was performed in a four-
dimensional stroboscopic Poincaré section of the phase
space. The full and the SSM-based ROMproduced two
LIMs not directly comparable because the full model
requires scaling of the different dimensions to define a
hypersphere (see [35] for more details). Accordingly, a
constant scaling factor of 2.18, determined euristically,
was applied on the LIM computed for the full model
as depicted in Fig. 8d. After this scaling, the matching
between the full and the ROM is excellent. Irregulari-
ties of the curve relative to the LIM for the full model
are due to the DynIn toolbox, which does not provide
an exact value but only an approximation. From the
phenomenological viewpoint, the sharp fall down of
the LIM profile of the periodic solution, occurring at
the flow velocity value where the quasiperiodic solu-

tion is established via fold bifurcation (see Fig. 7b),
corresponds to an abrupt decrease of robustness of the
former with respect to finite, though small, variations
of initial conditions or, in more general terms, of safety
of its BoA with respect to an extremely small variation
of the considered control parameter. The dashed blue
line in Fig. 8d represents the LIM of the quasiperiodic
solution for the ROM. Similar to the behavior observed
for the previous systems, we notemirrored trends in the
LIMs of the two coexisting solutions—in this case, the
periodic and quasiperiodic solutions. The flow velocity
at which the two blue lines intersect in Fig. 8d indicates
the conditionwhere the unstable quasiperiodic solution
is equidistant from the two stable solutions.

A further validation of the accuracy of the global
dynamics exhibited by the ROM with respect to the
full model is proven by the comparison of the BoAs
of the two systems. These are illustrated in Fig. 9 for
various values of the flow speed u and f0 = 0.03. In
this case, the BoAs are obtained through direct numeri-
cal simulations on a grid of initial conditions. The gray
(white) regions mark the BoA of the reduced model’s
periodic (quasiperiodic) solution, while the red lines
indicate the BoA boundaries for the full model. The
matching between the twomodels is excellent for lower
flow speed (Fig. 9a),while it slightlyworsens for higher
flow speed (Fig. 9d). The worsening is due to the flow
velocities used for the model identification, all chosen
below the fold bifurcation.Accordingly, for higher flow
velocities, the system is farther from the flow velocity
range used for the identification, unsurprisingly reduc-
ing accuracy.

3.4 Von Kármán beam undergoing dynamic buckling

The fourth analyzed system is a pinned-pinned von
Kármán beam subject to a constant compressive axial
load, as illustrated in Fig. 10a. The beam, assumed to
be made of steel, has a density ρ = 7850 [kg/m3], a
Young’s modulus E = 1.9× 1011 [Pa], viscous damp-
ing rate ν = 7 × 106 [kgm/s], length L = 2 [m], and a
squared cross section ofwidthw = 0.05 [m] and height
h = 0.01 [m]. The final element model of the struc-
ture consists of 13 nodes, each with axial, transversal,
and rotational DoF. Considering the boundary condi-
tion constraints, the model has a total of 72 DoFs. This
system was previously investigated in [61,80], where
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Fig. 9 Basin of attraction of the full model (red line) and of the ROM (black surface), for f0 = 0.03 andω = 0.85
√
2. Initial conditions

refer to the reduced system

further details regarding the model and the SSM iden-
tification procedure can be found.

The system is subject to a static axial load F , 10%
larger than its first critical axial load, i.e.,

F = 1.1π2E
I

L2 = 1.1
π2E

12

bh3

L2 , (9)

resulting in three equilibrium configurations: two sta-
ble symmetric buckled states and one unstable, axially
compressed state.

Differently from the previous examples, the SSM
in this case is a 2-dimensional mixed-mode one ema-
nating from the unstable solution, which is a saddle
point whose first eigenvalues are λ1 = 11.06 and λ2 =
−11.10. Four truncated trajectories are employed for
the SSM identification, with initial conditions obtained
by applying a transverse force at the midpoint of the
beam xM and subsequently releasing the system. The
applied forces for these four trajectories are 10×10−4,
−10×10−4, 10×104, and−10×104 [N], respectively.
The first two excitations generate in-well trajectories
around one of the stable buckled configurations, while
the third and fourth induce large-amplitude oscillations
surrounding all three equilibria before settling into one
of the stable states. Three observables of the system
are considered: the transverse displacement and veloc-
ity of the midpoint, and the axial displacement of the
right endpoint.

A seventh order polynomial is fitted to the data
points from these trajectories, parametrized using the
eigenspace coordinates of the unstable equilibrium,
yielding estimates of the SSMs. The resulting ROM is
then constructed by projecting the training data onto the
identified manifold. Subsequently, a harmonic trans-
verse force is applied at the beam’s midpoint, leading
to the following reduced-order system of differential
equations:

[
η̇1
η̇2

]
=

[
λ1η1
λ2η2

]
+

7∑
j+k=2

η
j
1η

k
2

[
ϕ1, j,k

ϕ2, j,k

]
+

+f̃ f0 cos (ωt) , f̃ =
[−0.616

−0.618

]
,

(10)

where ϕ1, j,k and ϕ2, j,k represent the 2 × 33 nonlinear
coefficients identified during the ROM construction,
while f0 and ω represent the forcing amplitude and
frequency, respectively. The vector f̃ denotes the pro-
jection of the external force onto themodal coordinates.

The ROM dynamics is qualitatively similar to that
of a harmonically excited Duffing oscillator with neg-
ative linear and positive cubic stiffness [81,82]. For
relatively small forcing amplitude, the system behaves
as two symmetric softening resonators, each operating
independently around one of the two stable equilib-
ria. This behavior is captured in the FRC in Fig. 10b,
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Fig. 10 a Mechanical model of the beam undergoing buckling.
b Frequency response of the ROM projected on real coordinates
for f0 = 1 (unstable solutions are omitted); vertical axis marks
the maximal transeversal displacement of the beam central point
(xM ). c Attractors of the system for f0 = 1 and ω = 12.2;
solid line: SSM-ROM, dashed lines: full model. d BoA of the

SSM-ROM for the same excitation forcing and frequency; col-
ors correspond to the attractors in panel c. e Comparative time
series of the full (dashed lines) and SSM-ROM (dotted lines). f
Stroboscopic phase portrait of the full system obtained from 85
trajectories with random initial conditions; colors correspond to
the attractors in panel c

obtained from the ROM. For excitation frequencies
slightly below the in-well natural frequency, two peri-
odic solutions coexist in each potential well, yielding
four periodic solutions in total. These are depicted in
Fig. 10c for a forcing amplitude of f0 = 1 and excita-
tion frequency ω = 12.2.

Figure 10c also illustrates the excellent agreement
between the ROM and the full-order model in predict-
ing the system’s attractors. The ROM solutions (solid
lines) are virtually indistinguishable from those of the
full model (dashed lines), when projected onto the
SSM.

Although only regular attractors are observed for
the considered parameter values, the transient dynam-
ics remain complex.When the system’s energy exceeds
the potential barrier between wells, transient chaotic
motions emerge, generating a fractal BoA, as shown in
Fig. 10d for the ROM. The colors in Fig. 10d indicate
the BoAs corresponding to the steady-state solutions in
Fig. 10c. This chaotic transient behavior and the associ-
ated fractality of the BoAs further underscore the effec-
tiveness of SSM-based model reduction, as previously
discussed in [61,80].

Figure 10e displays time series for two trajectories
converging to the black and red periodic solutions in
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Table 1 GIM obtained for the full and ROM of the buckled
beam

GIM full GIM ROM

red 0.42 0.49

blue 0.07 0.03

black 0.45 0.44

green 0.06 0.04

Fig. 10c, respectively, for f0 = 1 and ω = 12.2. Once
again, the excellent agreement between the ROM and
full model validates the ROM’s accuracy, not only for
steady states but also for transient dynamics, which is
essential for reliably estimating the system’s dynamical
integrity.

Although generating a high-resolution BoA for the
full model is computationally prohibitive, a draft esti-
mate can be obtained by simulating a limited number of
trajectories with random initial conditions and record-
ing their intersectionswith a stroboscopic Poincaré sec-
tion, as illustrated in Fig. 10f. The color coding in this
figure matches that of Fig. 10d to facilitate direct com-
parison. A quantitative comparison of the BoAs of the
two models can be performed using the GIM, com-
puted as the fraction of trajectories converging to each
attractor, relative to the total number of computed tra-
jectories. The results are summarized in Table 1.

Both the GIM estimates and the visual inspection
of the BoAs indicate that, for the selected parame-
ter values, the low-amplitude periodic solutions (red
and black) dominate the dynamical scenario, while the
probabilities of reaching the large-amplitude solutions
(blue and green) are significantly lower. A good agree-
ment between the full model and ROM is observed for
the GIM values of the low-amplitude attractors. The
larger discrepancies for the rare, high-amplitude solu-
tions may not necessarily indicate inaccuracies in the
ROM but could instead result from the limited num-
ber of simulated trajectories in the full model, leading
to a poor statistical representation of these infrequent
outcomes.

The low dimensionality of the ROM permits the
computation of additional DI measures at reasonable
computational cost. This process can be further accel-
erated using theDynIn toolbox [35,36,63],which effi-
ciently computes the LIM, as discussed in Sect. 3.3.
The LIM is first evaluated for a fixed forcing ampli-
tude f0 = 1 while varying the excitation frequency ω

(Fig. 11a), and then for a fixed excitation frequency
ω = 12.2 while increasing the forcing amplitude f0
(Fig. 11b). It is worth noting that the LIM computa-
tions were performed using the algorithm proposed in
[35], which analyzes periodic solutions by reducing
them to fixed points through their stroboscopic maps,
in contrast to the approach in [63], which considers the
full periodic trajectories directly.

Figure 11a depicts the LIM calculated for the green
and black periodic orbits in Fig. 10c. For ω < 11.9,
only the low-amplitude solutions exist (one in each
potential well), while for ω > 12.8 only the large-
amplitude ones persist. Between these values, two peri-
odic solutions coexist in each potential well, for a total
of four steady-state solutions.

Forω < 11.9, basin escape occurs only if the poten-
tial well barrier is overcome, making the in-well solu-
tions relatively robust. However, as the excitation fre-
quency increases, the oscillation amplitude also grows
(see Fig. 10b), progressively eroding the LIM as the
distance between the periodic solutions under study
and the potential well barrier decreases. For ω > 11.9,
as the larger-amplitude periodic solution emerges, the
LIMof the small-amplitude one is further reduced, ulti-
mately reaching zero when the low-amplitude solution
ceases to exist. We also note a sudden decrease in the
LIM around ω ≈ 7.6, in correspondence of the super-
harmonic resonance visible in Fig. 10b.

The right LIM branch in Fig. 11a refers to the large-
amplitude periodic solution (right branch in Fig. 10b,
green line in Fig. 10c). For large excitation frequency
ω, this solution is robust because of its small ampli-
tude; however, as the excitation frequency decreases, its
LIMalso diminishes as the solution becomes larger and
moves closer to the potentialwell barrier. Forω < 12.8,
as the small-amplitude periodic solution appears, the
LIM of the larger-amplitude solution further decreases,
until it reaches zero as the corresponding periodic solu-
tion disappears. The reason for the peak observed in the
LIM curve around ω ≈ 18 is not immediately obvi-
ous and may be related to the phase selected for the
stroboscopic mapping. A detailed analysis of this phe-
nomenon lies beyond the scope of this study. We note
that the LIM curves appear particularly noisy around
the resonance peak; this is likely due to the increased
relevance of transient chaotic trajectories in that region.

Figure 11b shows the trend of the LIM for the peri-
odic solution in one of the potential wells as the forc-
ing amplitude f0 is increased, for a fixed excitation
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Fig. 11 The figure refers to the LIM calculated for the buckled
beam. a LIM computed through the DynIn toolbox for f0 = 1
and varying excitation frequency ω. b LIM for ω = 12.2 and
varying excitation amplitude f0, computed for the low amplitude
solution. The LIM is computed for the periodic solutions in the
left potential well

frequency ω = 12.2. For small f0 values, the solu-
tion is robust thanks to its low amplitude and relatively
large distance from the potential well barrier. As f0
increases, the LIM decreases while the amplitude of
the periodic solution grows. A sudden jump is observed
for f0 = 0.5, corresponding to the appearance of the
large-amplitude periodic solution coexisting within the
same potential well. Further increasing f0, the LIM
continues to decrease, eventually reaching zero when
the algorithm is no longer able to identify a stable peri-
odic solution, most likely due to its loss of stability, and
the emergence of stable chaotic attractors.

Overall, the analysis of this system illustrates the
potential of the SSMreduction technique for dynamical
integrity estimation, with further computational advan-
tages when coupled with dedicated DI estimation tools
such as the DynIn toolbox.

4 Conclusions

This study illustrated how the SSM theory can be
exploited to analyze the global dynamics of a sys-
tem and assess the dynamical integrity of its attractors.
Four different systems were investigated: a finite ele-
ment model of a clamped-clamped von Kármán beam,
an experimental setup of sloshing water in a tank,
a reduced model of a forced pitch-and-plunge airfoil
undergoing flutter, and an axially compressed von Kár-
mán beam undergoing dynamic buckling. Each of them
presented specific challenges. The clamped-clamped
von Kármán beam has many DoF, making it extremely
challenging to study its dynamical integrity directly.
Regarding the sloshing water example, its experimen-
tal nature makes it inherently challenging to study its
dynamical integrity. In contrast, the dynamical integrity
of the airfoil can be studied numerically (although at
a relatively high computational cost). A major chal-
lenge for this system was obtaining a parametric SSM-
based ROM. Finally, the vonKármán beam undergoing
dynamic buckling exhibits transient chaotic motion,
leading to fractal BoAs, which makes the DI analy-
sis particularly demanding, especially considering the
large dimensionality of the model.

For the first two cases, the SSM-based ROMs were
two-dimensional, and the existing periodic steady-
state solutions were reduced to fixed points, making
the dynamical integrity analysis trivial. Regarding the
pitch-and-plunge system, the ROM was three-dimen-
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sional; nevertheless, since the unstable steady-state
solution completely divided the phase space in two
regions, the dynamical integrity of the stable solu-
tions did not require extensive numerical simulations in
this case either. The computational advantage obtained
with respect to classical approaches, such as the cell-
mapping method, is significant and made possible only
because of model reduction. Conversely, the ROM
of the axially compressed beam, although also three-
dimensional, did not allow for direct DI calculation,
as the steady-state solutions did not completely sepa-
rate the BoAs. In this case, the DynIn toolbox was
employed to accelerate the LIM estimation process,
bypassing the BoA identification.

Overall, this study illustrated how the computa-
tional cost of dynamical integrity analysis can be
almost completely eliminated—compared to tradi-
tional methods—if a proper model reduction is imple-
mented, making it feasible for systems that are difficult
to treat with conventional techniques. In particular, the
DI estimation of the full clamped-clamped beammodel
would likely require several days of computation,while
the proposed method completed both the model reduc-
tion and DI calculation in a matter of seconds. For the
pitch-and-plunge airfoil model, although a DI analy-
sis of the full system would be feasible, accounting for
variations in two parameters would probably take sev-
eral hours, if not days, while the proposedmethod com-
pleted this task in under a few minutes. Similarly, for
the axially compressed von Kármán beam, the compu-
tation time for the DI calculation, including the ROM
identification, was in the order of a few minutes on
a standard laptop, whereas the same analysis on the
full system would likely take weeks with equivalent
hardware. Regarding the sloshing water model, tradi-
tional methods are incapable of thoroughly computing
its DI. In general, the improvement in computational
time achieved by the proposed approach amounts to
several orders of magnitude. Additionally, the accu-
racy of the approach was demonstrated for the pitch-
and-plunge airfoil and the buckling beam examples.
These results suggest that the adopted technique can
potentially be a valuable tool for engineering design
and testing.

Limitations of the study and opportunities for future
developments are primarily related to the systems
selected to demonstrate the potential of SSM-based
ROMs for the global analysis of high-dimensional sys-
tems. For example, non-smooth systems or systems

with multiple interacting modes pose challenges to the
SSM model reduction; however, recent developments
suggest that the method can be extended also to those
challenging cases [83,84].

Another aspect not discussed in this study is the
required order of the SSM reduction to obtain accu-
rate results. In this respect, general considerations are
valid also for this specific application, i.e., increasing
the order tends to improve accuracy, but an excessively
high order might generate overfitting.

Additionally, it should be noted that the provided
values for the dynamical integrity measures are not
particularly meaningful in absolute terms, as it is not
straightforward to relate them quantitatively to the
actual perturbations a system can withstand [85]. Nev-
ertheless, their trends observed for variations in param-
eter values clearly identifywhichparameter regions can
be considered safe and which cannot, providing valu-
able information for engineering design.

In future studies, we plan to apply the same tech-
nique to an experimental setup of a buckling system
subject to harmonic excitation, similarly to the fourth
case study. This test will enable us to fully evaluate the
potentiality of the adopted technique for global stability
assessment.

Our long-term objective is to develop tools that
enable the rapid investigation of the dynamical integrity
of largedimensional and experimental systems, untreat-
able with conventional methods. These tools aim to
make dynamical integrity analysis an accessible com-
ponent of engineering practice, empowering engineers
and practitioners to enhance safety in design.
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